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a b s t r a c t
Denote by xnk(α), k = 1, . . . , n, the zeros of the Laguerre polynomial L(α)n (x). We establish
monotonicity with respect to the parameter α of certain functions involving xnk(α). As a
consequence we obtain sharp upper bounds for the largest zero of L(α)n (x).
© 2009 Elsevier B.V. All rights reserved.
1. Introduction and statement of results
The zeros of the classical orthogonal polynomials have been studied since 1886 when Markov [1] and Stieltjes [2]
published their thorough pioneering papers. Topic of special interest is the behaviour of the zeros of Jacobi, Gegenbauer and
Laguerre polynomials as functions of the corresponding parameters. Themonotonicity of these zeros is intuitively clear from
the beautiful electrostatic interpretation they possess (see [3, Section 6.83]). The facts that the zeros of the Jacobi polynomial
P (α,β)n (x) are increasing functions ofβ anddecreasing functions ofα and that the positive zeros of theGegenbauer polynomial
Cλn (x) are decreasing functions of λ were formally established by Markov and Stieltjes, respectively. In what follows we
assume that the zeros of the orthogonal polynomials under discussion are arranged in decreasing order.
Then the natural question of studying the quantitative bahaviour of those zeros arose. An interesting approach to
this problem was suggested by Laforgia who proved in [4] that the products λxn,k(λ), k = 1, . . . , [n/2], increase for
λ ∈ (0, 1) and conjectured in [5] that the same holds for all λ > 0. Thus, instead of trying to directly investigate
the speed of the corresponding zeros, the question of determining the extremal function f (λ) that forces the functions
f (λ)xn,k(λ), k = 1, . . . , [n/2], to increase was naturally posed. Ismail and Letessier [6] and later Askey (see [7]) conjectured
that an appropriate choice of the above function could be f (λ) = √λ+ 1. After various partial contributions [8–12]
Elbert and Siafarikas [13]extended a previous result of Ahmed, Muldoon and Spigler [9] proving that, for any n ∈ N and
k = 1, . . . , [n/2],
(λ+ (2n2 + 1)/(4n+ 2))1/2xnk(λ) increase for λ > −1/2, (1.1)
thus settling the conjecture of Ismail, Letessier and Askey.
A similar result about the zeros xnk(α, β) of P
(α,β)
n (x)was obtained recently in [14]. It was proved that(
β + 2n
2 + (2n+ 1)(α + 1)
2n+ α + 1
)
(1− xnk(α, β)) increase for β ∈ (−1,∞), (1.2)
where the latter product is considered as a function of β .
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The sharpness of (1.1) and (1.2) was established in [15] and [14], respectively.
It is worth mentioning that (1.1) and (1.2) were motivated by the asymptotic formulae limλ→∞
√
λxnk(λ) = hnk, where
hnk denote the zeros of theHermite polynomialHn(x), and by limβ→∞ β(1−xnk(α, β)) = 2xn,n−k+1(α), respectively. Observe
that these formulae show that the functions (1.1) and (1.2) possess horizontal asymptotes when the variables λ and β go to
infinity.
In this paper we study the corresponding problem for the zeros xnk(α) of the Laguerre polynomial L
(α)
n (x). Our results are
inspired by the asymptotic formula
xnk(α) = α +
√
2αhnk + 13 (1+ 2n+ 2h
2
nk)+ O
(
1/
√
α
)
as α→∞, (1.3)
due to Calogero [16]. Note that Ifantis and Siafarikas [17] proved that xn1(α)/(α + 1) decreases for α > −1. This and (1.3)
imply that xn1(α) > α+1,which is, unfortunately, a quite straightforward inequalitywhich follows also from x11(α) = α+1
and the interlacing property of zeros of orthogonal polynomials. Natalini and Palumbo [18] proved that for any admissible n
and k the functions xnk(α)/
√
2n+ α + 1 increasewhenα increases in the interval (−1,∞). They established two additional
monotonicity properties of quotients of the form xnk(α)/αp, where p is fixed, 2 ≤ p < 2n+ 1.
In this paper we prove the following result:
Theorem 1. For every n ≥ 2 and each k, k = 1, . . . , n, the quantities
xnk(α)− (2n+ α − 1)√
2(n+ α − 1)
are increasing functions of α, for α ≥ −1/(n − 1). Moreover, when k = 1 the above function increases in the entire range
α ∈ (−1,∞).
Since from (1.3) we have the asymptotics
xnk(α)− (2n+ α − 1)√
2(n+ α − 1) −→ hnk as α→∞,
then we immediately obtain:
Corollary 1. The inequalities
xnk(α) ≤ 2n+ α − 1+
√
2(n+ α − 1)hnk,
hold for every n ≥ 2 and k = 1, . . . , n, and for any α ≥ −1/(n− 1). Moreover,
xn1(α) ≤ 2n+ α − 1+
√
2(n+ α − 1)hn1,
for all n ∈ N and α > −1.
Then the upper bounds for the zeros of Hermite polynomials obtained in [19] yield:
Corollary 2. The inequalities
xn1(α) ≤ 2n+ α − 1+
√√√√2(n+ α − 1){n− 2+√1+ (n− 2)2 cos2 2pi
n+ 2
}
cos
pi
2n
hold for every positive integer n ≥ 2 and α > −1. Moreover, if n ≥ 3 is odd, then the sharper inequalities
xn1(α) ≤ 2n+ α − 1+
√√√√2(n+ α − 1){n− 2+√1+ (n− 1)(n− 3) cos2 2pi
n+ 1
}
cos
pi
2n
hold.
It was proved in [20] that hn1 ≤
√
2n− 4 when n ≥ 2. This implies:
Corollary 3. The inequalities
xn1(α) ≤ 2n+ α − 1+ 2
√
(n− 2)(n+ α − 1)
hold for every n ≥ 2 and for any α > −1.
This upper bound is sharper than the one obtained in [21].
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2. Proof of the main result and a conjecture
Let {pj(x; τ)} be a sequence of orthonormal polynomials generated by the recurrence relation
p−1(x; τ) = 0,
p0(x; τ) = 1,
xpj(x; τ) = aj(τ )pj+1(x; τ)+ bj(τ )pj(x; τ)+ aj−1(τ )pj−1(x; τ), j = 0, 1, . . . ,
(2.1)
where with aj(τ ) > 0 and bj(τ ) are smooth functions of τ in (τ1, τ2).
Then the Perron–Frobenius theorem (see Theorem 8.4.5 in Horn and Johnson [22]) yields that the largest zero ξn1(τ )
of pn(x; τ) is an increasing function of τ ∈ (τ1, τ2) if b′j(τ ) ≥ 0, j = 0, . . . , n − 1, and a′j(τ ) ≥ 0, j = 0, . . . , n − 2, for
τ ∈ (τ1, τ2).
A result which guarantees that all the zeros ξnk(τ ), k = 1, . . . , n, of pn(x; τ) are increasing functions of τ ∈ (τ1, τ2) can
be obtained by combining the Hellmann–Feynman theorem (see [23]), the Wall–Wetzel theorem [24] and the fact that the
constant sequence whose terms are all equal to a quarter is a chain sequence. The result can be formulated as follows:
Theorem A. Let the orthonormal polynomials pj(x; τ) be generated by (2.1). Then all the zeros ξnk(τ ), k = 1, . . . , n, of pn(x; τ)
are increasing functions of τ ∈ (τ1, τ2) if
[a′j−1(τ )]2
b′j−1(τ )b
′
j(τ )
≤ 1
4
, for τ ∈ (τ1, τ2) and j = 1, . . . , n− 1.
Then, to prove our main result, recall first the recurrence relation for the orthonormal Laguerre polynomials in the
symmetric form
L−1(x;α) = 0, L0(x;α) = 1,
xLj(x;α) = aj(α)Lj+1(x;α)+ bj(α)Lj(x;α)+ aj−1(α)Lj−1(x;α), (2.2)
where
bj(α) = 2j+ α + 1, j = 0, 1, . . . ,
and
aj−1(α) =
√
j(j+ α) > 0, j = 1, 2, . . . .
Motivated by Calogero’s asymptotic formula (1.3), our principal idea is to determine the best constants c , d1 and d2 such
that the quantities
znk(α) = xnk(α)− (2n+ α + c)√
d1α + d2 , k = 1, . . . , n, (2.3)
converge monotonically, as functions of α, to
√
2hnk.
Performing the change x = √d1α + d2z + 2n + α + c in (2.2) we obtain the new sequence of orthogonal polynomials
{˜Lj(z)}, j = 1, . . . , n, generated by the recurrence relation
L˜−1(z) = 0, L˜0(z) = 1,
z˜Lj(z) = a˜j˜Lj+1(z)+ b˜j˜Lj(z)+ a˜j−1˜Lj−1(z), j = 0, 1, . . . , n− 1, (2.4)
where
b˜j = 2(j− n)+ 1− c√
d1α + d2 , j = 0, 1, . . . , n− 1,
a˜j−1 =
√
j(j+ α)
d1α + d2 , j = 1, 2, . . . , n− 1,
and such that the zeros of L˜n(z) are the quantities znk(α), given in (2.3).
Observe that
b˜′j =
∂ b˜j
∂α
= d1{2(n− j)+ c − 1}
2(d1α + d2)3/2 , j = 0, 1, . . . , n− 1,
and
a˜′j−1 =
∂ a˜j−1
∂α
=
√
j(d2 − jd1)
2(j+ α)1/2(d1α + d2)3/2 , j = 1, . . . , n− 1.
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If we choose c = −1, d1 = 1 and d2 = n − 1, then obviously b˜′j ≥ 0 and a˜′j−1 ≥ 0 when α > −1 and j ≤ n − 1. Then the
Perron–Frobenius theorem implies the statement of our theorem for the largest zero of L(α)n (x).
Then again for c = −1, d1 = 1, d2 = n − 1 and j = 1, . . . , n − 1, we see that the requirements 4[a˜′j−1]2 ≤ b˜′j−1b˜′j of
Theorem A are equivalent to α ≥ −j/(n− j) and the latter obviously holds for j = 1, . . . , n− 1, provided α ≥ −1/(n− 1).
This completes the proof of the theorem.
It seems that the correct approach to the question of the quantitative behaviour of the zeros of Laguerre polynomials
is to establish sharp monotonicity properties based on the asymptotic formula (1.3). We have performed a vast amount of
numerical experiments so we dare to state the following:
Conjecture 1. We conjecture that for every n ≥ 2, and k = 1, . . . , n, the quantities
xnk(α)−
[
α + 13 (1+ 2n+ h2nk)
]
√
2(α + n− 1)hnk
are decreasing functions while
xnk(α)−
[
α + 13 (1+ 2n+ h2nk)
]
√
2(α + n+ 1)hnk
are increasing functions of α ∈ (−1,∞), with the only exception when n = 2m+ 1 is odd and k = m, when these functions are
not defined.
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